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INTRODUCTION. 


In the following pages is found the number of types of Abelian equations of the 
tenth degree irreducible in a given domain of rationality. The various types are 
discussed with respect to their construction and the character of their roots. The 
rational domain does not need to be the natural domain; in fact it will appear 
that there is no irreducible Abelian equation in the natural domain of rationality 
R (1). 

If f(z) = 0 is an irreducible equation of the tenth degree, then all the ten roots 
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x; (1 = 1 to 10) must be distinct, for otherwise 
f(z) =0 and mae = 0 
dx 


would have a common root, which is impossible, as + f(x) is only of the ninth 


degree in x.* From the irreducibility of f(x) follows further that its Galois group 
is transitivey and as 10 = 2-5 this group must be imprimitive.t Our first question 
therefore is: What are all the imprimitive groups of the tenth degree? These 
groups are found by Cole§ and divided into three types. 

1. The groups which contain only 5 systems of intransitivity. 

2. The groups which contain only 2 systems of intransitivity. 

3. The groups which contain both 5 and 2 systems of intransitivity. 

To type 1 belong thirteen groups, the largest of which is of order 3840 containing 
all the other twelve as subgroups 

To type 2 belong fifteen groups. The largest group is of order 28 800 and con- 
tains all the other fourteen groups as subgroups. 

Type 3 includes eight groups, of which the largest is of order 240. 

Netto|| showed that the group of an Abelian equation is an Abelian group and 
vice versa. Our first problem is, therefore, to search for all Abelian groups among 
the above thirty-six imprimitive groups. Expressing the group of order 240 in 
type 3 as a substitution group, we see the following relation between the eight 
groups of type 3, which we may call 


Ge40; G1203 G’ 1203 G40} G20; G20} G10} G' 10 


where the subscripts indicate the order: 

Ge49 contains all the remaining seven groups as subgroups. 

G’oo is a subgroup of G’129 whereas Go is a subgroup of G29 as well as of Gao and 
contains both G’i> and Gy as subgroups. Writing this relation in a better form 


we have the following scheme 
(G'120 Gio 
Geo 
G40) G40 G10 


G" 120 G29 


As G’ 9 is the dihedral group of order 10 and Go contains five subgroups of order 4 
which are conjugate by Sylow’s theorem, it follows that the cyclical group Gio is 
the only Abelian group of type 3. 

We shall use as Gio the ten powers of 


$ = (1% 7X3X gh pL gL 2X g€4X10) 


* Weber, Algebra, vol. I, p. 454. 

t Weber, Algebra, vol. I, p. 482. 

t Netto, Substitutionentheorie, §237. 

§ Cole, Quart. Journ. Math., vol. 27, 1895, p. 39; ihe also Miller, Bull. Amer. Math. Soc., vol. 
1, pp. 67-72. 

|| Loc. cit., §180, and C. Jordan, Traité d’ Analyse, §402. 
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and in dealing with substitutions we shall write only the subscripts of the z’s, 
replacing the subscript ten by zero. 

Whenever we can show that a given equation f(x) = 0 has a Galois group with 
two as well as five systems of imprimitivity, but which cannot contain G1) or G29, 
f(x) = 0 must be, according to the above scheme, an equation belonging to Gio if 
f(x) is irreducible. For the proof of the fact that G’1o and G’2o is not a subgroup 
of the Galois group of f(a) = 0 we shall need the two substitutions 


a1 = (16)(20)(39)(48)(57) which is in G’19 
o2 = (1748) (2936)(50) which is in G’o0 


and 


These three substitutions s, o1, ¢2 already show that we have chosen as our two 
systems of imprimitivity 
[xirerststs], [Xet7XsloX10] 
and as our five systems of imprimitivity 
[ive], [xox], [rare], [revo], [2st] 


Looking over types 1 and 2 for Abelian groups we may easily show that there is 
no other Abelian group. 

Regarding type 2, the order of an Abelian group of degree 10 cannot exceed the 
order 2-5? = 50,* so that there is only one group to be considered, namely the group 
of order 50, which Cole indicates by 


Go = (Xi 2%3U a5) 5(X 67% gh 9X10) 5(Lit eg: Lolz X3lg*LsLq° 5X10) 
This group, however, contains the two substitutions 


(16) (27) (38) (49) (50) 
and 
[(12345) (16) (27) (88) (49) (50)]® = (19) (74) (20) (85) (36) 
so that G50 would contain more than one substitution of order 2, which is impossible 
here by Sylow’s theorem, hence there is no Abelian group of type 2. 
Regarding type 1 we note that the only bases for the construction of the thirteen 
groups in question are 


(16) (27)(38)(49) (50) 
{ (16) (27) (38) (49) (50) } pos 
so that every group of type 1 contains the substitution 
a = (16)(27). 


Further, an examination of Cole’s list shows that every group contains the sub- 
stitution 


and 


b = (13579) (68024), 
hence every group of type 1 contains 
aba = (63529)(18074) ¥ }, 
and hence no group of type 1 is Abelian. 


* Netto, loc. cit., §170. 
T Loc. cit., p. 41, and Miller, loc. cit. 
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We have then the result: 
All irreducible Abelian equations of the tenth degree belong to the cyclical 
group of order ten, which we have chosen to be 


Gyo = {8 = (127g oX 5X 6LoX sLuL10) }. 


Throughout the whole investigation we shall assume that there is given a certain 
rational domain, for which the necessary and sufficient conditions for all the irre- 
ducible Abelian equations are to be derived, as the reducibility of a polynomial 
depends on the rational domain employed. We shall not distinguish at all between 
the quantities lying in the natural domain, usually denoted by R(1), and quantities 
lying in the given domain. All quantities lying in the given rational domain shall 
be called “ rationally known” or simply “ rational quantities,’ for we do not 
restrict our investigation to the natural rational domain and have therefore to 
give to the expression ‘‘ rational’? a broader meaning than is done usually in 
mathematics. Whenever we mean specially a quantity lying in the natural 
rational domain we shall always write “‘ quantity belonging to R(1).” 


THE IRREDUCIBLE ABELIAN EQUATIONS OF THE TENTH DEGREE. 
The corresponding group is 
Gio = {s = (1739562840) }. 


Throughout these investigations let « be a primitive root of 


20 —1=0, 
and w be a primitive root of 
s—1=0. 
Then we may write 
w= e@ =—@='-14%+4V- 10-295), 
ead =—- P= H-1-G+V- 104 295], 
i = eo SN 10 el, 
Bi el 1 NG | N10 — Oa, 
wm = d= + I, 
& = — Il, 


Let us first consider the five systems of intransitivity and form the functions 
gi = t+ Tits ( = 1 to 5) 


These five functions, while formally distinct, may be numerically equal. Assuming 
then that at least two of these five y; are equal, we have by applying our group Gio 
to the relation 

Pi = Gu (i #7’) 
the result that they are all equal to one another and whenever in our equation 
f(x) = 0 we have 
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then 
gy; = 0 and hence x; = — Zits (¢ = 1 to 5), 


so that our equation f(x) = 0 is a quintic in z*. We note here that the trans- 
formation of f(x) = 0 into an equation in which 


wi tj = 0 
1 
is a very simple matter and does not change the character of f(x) = 0. Therefore 
without loss of generality we may assume that in our f(z) = 0 the sum of the 
roots vanishes, as we are then gaining much simplification in our investigations. 
This leads us to a division of our subject into the two parts 


A. @=0). 
= } to 5. 
B. at : 
A. yg; = 0 (4 = 1 to 9). 


Here our given equation is a quintic in x? with the roots z; (¢ = 1 to 5). This 
quintic can be taken again in the reduced form and hence we may write through- 
out this section 


4=5 


2, tt = 0, 
The following Lagrange’s system is the skeleton for our investigations in this 
section | 
V1 = M1 + wre + wt3 + wit, + ws, 
Wo = 21 + wt. + w*t3 + wt, + ws, 
Ws = L1 + we + ws + wry + wis, 
V4 = 11 + wre + wits + wr, + w*Ds, 


V5 = 21 + to + 23 + Xs + Us. 


Consider now for a moment the two systems of intransitivity by forming the 
function 


4=5 
acne II Vis 
t=1 


which is changed by Go into 


4=5 


—y= I] Vis se 
It follows then that y? is rationally known, and we have, if y? = c, the condition 


cis rational, but not a perfect square and — cis of course the constant term in f(x) = 0 
throughout part A. 


Just as ve, so is 


4=5 


Y= 2s Li 
a function which is changed only by the odd substitutions of G10; it follows then if 
E 


— = or 
Ne 


then r is rationally known. 
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Similarly y,;> (¢ = 1 to 4) takes only two values under Gio, so that 


vie 
Vc 


is a quantity in our given rational domain if we adjoin to it w, and we must have, 
for instance, ; 


ye = Vk + 15 + mV— 10 + 2%5 + nV— 10 — 295], 


where k, l, m, n are necessarily rational quantities. 
Replacing finally k, 1, m, n respectively by 5°c?K, 5°-cL, 55c?M, 5°c?N, then 
K, L, M, N are rationally known, and Lagrange’s system becomes 


vi = 5p; (2 = 1 to 4), 


pp =\VK +15 + MV— 10 + 2% + NV— 10 — 2%, 


pp =\/K — LS — NV— 10 + 2% + MV— 10 — 2%, 


ps =\K — L% + NV— 10 + 2%5 — MV- 10 — 2%, 


pe =\K + 1% — MV— 10 + 2%5 — NV— 10 — 2%, 


Combining the two forms of Lagrange’s system, we get by addition the roots of 
f(x) = 0, namely 

t= —26 = +Veloi t+ pet ps t+ ort ri, 

to = — 27 = +Velw’or + wpe + w4p3 + wp, + 1], 

23 = —X%g = + Velw*p: + w*p2 + w*p3 + wp, + 7], 

te = — 2X9 = + Vel wor + wpe + wps + wip, + ri], 

ts = — L190 = + Velw3p: + wpe + wps + wp, + 7]. 


It is seen now by direct computation that 


Vila = 25¢ VP + QN5 = (w+ wf, + (wo? + fe = Weprps, 


and 


Wows = 25¢ VP — QYN5 = (w? + ow) fi + (w + ow) fo = 25cpops, 
where 
P=FK?+52?+4+ 10+ N°), 
Q = 2KL — 2(M? — N*) — 8MN, 
fi = X13 + XyL4 + Lol4 + Lors + Ls, 
fo = U1%2 + U1%5 + Lotg + T3tq + Lids. 


Hence P and Q are rational and, as f; and fe are unchanged by our Gio, both fi 
and fe are rational too. It follows then that pips and p2ps, Yivs4 and Woy are ration- 
ally known if we adjoin +5 to our rational domain; for (w? + w*) as well as (w + w‘) 
are quantities in R( v5). Therefore P + Q v5 is a perfect fifth power of a rational 
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quantity in this extended domain and hence we may write 


pipx = R+S~V5 and po»; = R—SYN, 
where then R and S are rationally known and defined by 


P = R°+ 50R'S? + 10RS4, 
Q = 5R‘S + 50R?S? + 2585. 
From our condition 


follows by direct computation 


r? + 2(pips + pops) = 0, 
hence 


R= —4. 


Whenever our given rational domain would not include any imaginary quantity, 
then R = r = 0, for if R < 0 then under our condition P < 0 but P is the sum 
of squares. 

We take up this natural division here and write 


A. I. r=0. Die) 5 eae eC 
A.I. r=R=P=yY;=0.°. pips = — pops 
This case will be subdivided again, namely into 
1 S=0. 2. S € 0. 
1. If S = 0, then pip, = p293 = 0 and we may take without losing any generality 


pi = p2 = 0. 
From p; = 0 follows: 


K+1L%+MVv- 10+ 2% +NV- 10 — 2% =0, 
and, from pz = 0 


K—L% —NV_- 10+ 2% + MV— 10 — 2%5 = 0, 


hence 


vs = 5G VQ(K — LB) and y, = 5veV2(K + 1%). 
By addition we get further 
2K + (M — N) V— 10+ 2%5 + (M +N) V— 10 — 2%5 = 0, 


or 


2K +V— 10 2%5| M — N M+N 4 V5 = |=0. 
+ + +(M+N) are eT: 
The condition 


shows 
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and hence K = 0, so that the coefficient of V¥— 10 + 25 cannot vanish and w 


belongs to our rational domain for with V— 10+ 2%5 is V5 rationally known and 
hence also 
45 


Ne 310 25 
As K # 0, both ys; and y¥4 cannot vanish; in fact, if 


V— 10 — 2%5 = 


Pi = p2 = ps = pa = O 
then 

Ol ge oe at a ae 
and f(x) is reducible. We may, however, very well have that three p’s vanish 
and we again take a subdivision without losing any generality by writing 


a. pp=0; ps #0. B. ps #0; ps XO. 
a. If p3 = 0, then 


1 
K=LV =, 
4c 
and 
epee 
ps = V1/c?. 
In this case the ten roots of f(z) = 0 are 
10 
EY me ee NC DE Vc, 
Yo = — 27 = ww VC, 
: 42° 
%3 = — Vs = Ww C, 
Ou 
eo Ne 
31 O/- 
U5 = — V19 = Ww CG. 


The corresponding equation is 
f(x) =z —c= 0, 


and hence c is not a perfect fifth power in our domain, for then f(x) splits up into 
five rational factors each of the second degree. 

Our next question is: Are the derived conditions also sufficient that f(z) = 0 
represents an irreducible Abelian equation? In this simple case it is readily seen 
from the above roots that x!° — c = 0 is irreducible under the derived conditions. 
Adjoining vc to the given rational domain, then x! — c splits up into two rational 
factors (x® — ve) and (2° + ve); adjoining Vc to our given domain, then 2 — ¢ 
splits up into five rational factors, each of the type (a2 — wivVc). We see there- 
fore that the Galois group of f(z) = 0 can only be a group of type 3 in Cole’s list.* 
In fact the group is Gio, for the ten roots in our cycle 


= (1739562840) 


satisfy the condition, that every root is the same rational function of the preceding 
one in the cycle, namely 


Yi = — 4193 7 = — wt; V3 = — wt, etce., 


w being rational by condition. 


* Loc. cit. 
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Type I: If cis neither a perfect fifth nor a perfect second power of any quantity in 
the given rational domain and if w, c, are in this domain, then x — c = 0 is an 
irreducible Abelian equation having the above roots. 

An example is furnished by taking c = 2. Here V— 10 +25 must be 
adjoined to R(1). 

f(z) =o — 2 = (a5 — 2)(2* + +2) 
= (2? — V2) (2? — w V2) (a? — a? V2)(2? — w? V2)(2? — wt V2) = 0 


is an irreducible Abelian equation under the above conditions. 


B. ps ~ 0; ps ~ 0. 


The function 
vs" fe (x1 + wXe + wes + w't, + wr5)? 
V4 Li + wre + wits + wr, + WZ 


is a two-valued function under Go just as Vc; hence, writing 


vs 
vsVe 


then e is rationally known but not zero, and we have 


= de, 


25¢V4(K — LVS)? = 25e-c V2(K + L%5), 
1 


4c?’ 
24.51%ct — 20 V5e2(1 + ec?) + (1 — 20e%c2) = 0, 
which determines LZ for L ¥ 0, as then 
e = 2K = V1/2¢ 


(2 — 21) (4 — x5) = 2? — 4ce? 


or, as 


and 


would be a rational factor of f(z) = 0. 


Solving for L we get 
pare a + e5c? + ec Veoc? + 4e]; 


as L is rationally known it follows e’c? + 4e is a perfect square of a rational quantity. 
Observing that 


5 
ps? = V2(+ K — L%5), 
we have to choose the negative sign in the expression for L and hence 


L= ald [1 + e5c? — ec vee? + 4e]. 


So we have 


Oe Sirares CF as 
a= 4] x 5. Vee + 4e, 


eee ne. Ieee 
Tone 5, Ve’c? + 4e, 


124 Unwersity of California Publications in Mathematics [Vou. 1 


and f(x) = 0 becomes 
f(x) = 2 — 10eps%psx® — 25ps’pstcix* + (15p3°p2 — 10pspa")c4x? — c = 0. 
All coefficients of f(x) are rational at the same time when 


ps? 
P4 


e= 


2 


is rational, for as w is in our domain p;° and p,° are rationally known; hence a 
P4 


and therefore ps3*p4 is rationally known; but then all powers of p;°o4 are rational, 
so that psp4’; p3*p4*; ps’p4* are in our given domain. Further p; - pq is irrational, 
for if it were rational 
papa" 
P3P4. 


= P4, 


and hence p; are rationally known, but then (2 — 21)(x — xs) would be a rational 
factor of f(a). It follows then that 


5 2 
oe Vee? + 4e 


is not a perfect fifth power of a rational quantity. 
The roots of f(x) = 0 are now 


Me ae eG, <r Ve(p3 ie p4), 


Poe Ve(w'ps + wpa), 
+ Os cea opr 1 Ra Vc(wps ae wpa), 
rE eee ag ies Nc(w°ps F w*ps), 


wA0 Vc(wps ae wpa), 


iS 
| 
| 


where 


eee Ceres 
ns = 4 Ae + 4e, 


5 2 
p4 = ; ate 5 Were, 


Regarding the sufficiency of the derived conditions, we note first that the sum of 
any two roots is either zero or irrational as w is rational and both p3 and ps, are 
irrational. The sum of two roots can be zero only if their subscripts differ by 5, 
in which case however the product 2; - v:,5 (¢ = 1 to 5) is irrational, for it is of the 


form ; 
c(w'ps + wpa)’, 


and must contain the irrationalities p3 and p4 by conditions. It follows then, that 
f(x) cannot contain a rational factor of the second degree. Similarly it is seen 
that by means of our conditions there is no rational factor of the fourth degree, 
for the product of any four roots is a polynomial of the fourth degree in the p’s 
with rational coefficients, and this cannot be rationally known, as the p’s satisfy 
an irreducible quintic. There is certainly no rational factor of odd degree, for 
the constant term would contain ve as a factor, which cannot be expressed ration- 
ally in terms of the p’s. It follows then that f(x) is irreducible and its Galois 
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group is transitive. Furthermore f(z) contains two as well as five systems of 
intransitivity, for the factors (x — x,)(a — vi+s) are free from vc and the two 
factors 


i=5 i=5 
[I]@+2) and [] @— 24s) 
é=1 i=l 


are free from p3 and pz and contain only those combinations of p3 and p4 or those 
powers of p3 and ps which have been seen to be rationally known; for we have 


4==D 


2; = 0, 


| 
4=4 
j=5 : : 
> tt; ily (2 < Jj); 


4=1 
j=2 


5 Ge 
i,j,k a LLjL, = IC Vcp22p3, 
if 
t<j<k 
5 
i, j,k, 1 Ss L{AXjL_L] = — 5¢7p3°p4, 
jt 


t<j<k<l 
i=5 a 
[[ 2: = ve. 
pom | 


The Galois group of our above f(x) = 0 is therefore a group of type 3. Next we 
show that neither Gio’ nor G20’ can be a subgroup of this Galois group. Applying 


a1 = (16)(20) (39) (48) (57) 
as well as ; 
a2 = (1748) (2936) (50) 
to the function 
(41 + whe + ws + w8ry + wir)? 

Ve(a1 + WL + wa + WX4 + wr 5) 


5e ~ 0 


we change 5e to zero, which is contrary to condition. 0; as well as o2 cannot 
belong to the group of f(x) = 0 under our derived conditions and hence the group 
of f(z) = 0 is Gio. 

Type II. If c,e,w, Ve? + 4e but not 


5 2 
oe Neb? + 4e and vc 
2 2c 


are quantities in our given domain and if e ¥ 0, then the above equation f(x) = 0 
with the roots on page 124 is an irreducible Abelian equation. 
An example is furnished by taking e = 1, c = 3; then 


4e+ ceo = (5) ps= VI/3 = VI/9 


f(x) = a0 — ys Ops 4 TP a = 0. 
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The roots are 


t= —25 = V3/2[ 41/3 + 1/9], 
—- x7 = ee an w* V1/9], 
: {CCL re 


L2 


As given domain may be taken R(w). 
2. If S ~ 0 and hence p; ¥ 0 (i = 1 to 4), we shall find that there is no Abelian 


type. 
Actual computation shows 


t=5 i 
bMa + vite = Dae —2 EB p, 8% py, 4 00 4 BR. + 20 — BN 


‘i= 


and 


4i=5 | 
V3"v1 + Yor = Dae om om N5 p, atte 


a 3 Fy + 2(1 — V5)Fs + 2(1 + V5)F,, 


where 


Py = tyre + 02h, + 05 + 75a + 127s + F372 + LPH3 + Use, + TLr5 + X5°La, 
Py = arg + 13a + 24+ LPR + Loa, + Tere + a22a5 + reste + ws3225 + x5*%3, 
Fy = ©1X2%3 + LiTo%5 + Liss + Worsr4 ao eric; 
Fog = XyXoh4 + LiXslq + Wyss + Loss + Lora. 


All these four functions are double-valued under Gyo just as vc. It follows, 
then, if \; and A, are in our given rational domain, that we may write 


pr2p2 + pps = 1 + Ao V5, (1) 
pps + psp: = Xr — 2 V5. (2) 
di and Az cannot both vanish at once, for then, observing that 
pips = + SV5, (3) 
pop; = — SV5, (4) 
we would have 
— ps* = p%p3 and =, = =e 
hence, by proper multiplication of the last two, 
oe Or p2 = — ps, 


P3 


and hence (2) appears in the form p; + ps = 0 so that f(x) would contain the 
rational factor 
(2 — %1)(a — we) = 2. 


Using equations (8) and (4) in order to eliminate pe and p, in (1) and (2) and 
eliminating finally p3, we get 


= 4(A, — A2¥B) = VA, — d2¥5)2 — 20875], (5) 
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where 


G@ =r + roVS = VA, + 2 V5)? + 208905. 


Eliminating ps and p, in (1) and (2) by means of (3) and (4) and finally between 
these two new equations (1a) and (1b) eliminating p2 we get 


4p1° os Mi he V5 aa V(X — h2V5)? _ 20,83 V5 
@ 10S? 7 (6) 


Comparing (5) and (6) we have 
G4 = 200085, (7) 


and hence there are two possibilities. If 


(da + oN5)IAr + 2S + V(rr + AvV5)? + 205805] = 0, 
then . 
Ai + deo V5 i 0, | (8) 


for if the other factor were zero we would have S = 0. If 


(Ar + A2V5)[Ar + Ae VB = V(A1 + Ao V5)? + 20825] = — 205315, 
then 
(Ay + de V5)? = — 20583 V5. (9) 


Doing with p2 exactly as has just been done with p; we are led to the following 
result : We must have ; 
either : 

di — 2 V5 = 0 (10) 
or 


(Ar — de V5)? = + 208? V5. (11) 


One of the two relations (8) and (9) must exist with one of the two relations (10) 
and (11). As we saw, \i = A2 = 0is impossible, hence we cannot pair (8) and (10). 
Also relation (9) cannot exist with relation (11), for we would get 


AZ + BAZ = 0, 


which leads to S = 0. It follows that either (8) and (11) or (9) and (10) exist 
together. Both cases are identical in the abstract; they differ only in the sign 
of v5. Assuming then 2 
Ai + A2 V5 = 0, (8) 
we have from (11) | 
AZ = 5S? V5, (11a) 


and %5 is rational and further ¥S¥5 is in our domain. Equations (1) and (2) 
appear now in the form 
prp2 = — ps"p3, (12) 
and 
p2"p4 af p3*p1 ne 2,1, (13) 
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which may be written, by observing (3) and (4), 


5S8 v5 
p2"pa + a = 2y1, 
3 2"P4 
or, by means of (11a), 
Ai = 2" pa} 


hence from (13) we have 
Ai = pops = ps’pr; 


hence 
24 
ie Oe es . (14) 
From (12) we get, by means of (8), (4), and (11a) 
X 2 
p1"p2 ae an ; ; 
Pi p2 
hence 
pip. = = di, 
and we have finally 
Ai = pops = ps’p1 = + prp2 = = pa’ps, (15) 
so that 
2 
pate (16) 
p2 
and 
2 
Shae a ee . (17) 
P3 


Observing (14), (16), (17) we may write 


2 = P2PS, ps” 


= 2 = P2P4, 
P3 p2 

pt = (22) 08 = 0 

. Ps p2 pe 


Multiplying the last two relations together we obtain 


=p. Or pi = ps, (18) 
so that 


Npip4 eager i ogra 1. aaa VS v5 
is rationally known, as we saw above. With pi and p, are p2 and ps; rationally 
known by means of (15) and hence 
(x — x1)(" — 26) 
is a rational factor of f(z). There is no irreducible Abelian type under A. I. 2. 


eed ey ee ae 
We had the relation 


r? + 2(pips + pops) = 0, 


so that at most two p’s can vanish, either pi = ps = 0 or pp = ps = 0. Without 
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loss of generality we may take the following division of case II, pi: ¥ 0; ps ¥ 0 and 
(1) ps = p3 = 0, (2) p2 = 0; ps #0, (3) pp ~0; ps ¥0. 
1. If ps = p3 = O then 


K=L%5 
and 
yee 
2 
Suppose for a moment K = L = O then p; = — ps so that f(x) contains the rational 
factor (x2 — cr). It follows then 
k= Nb oO 


and hence v5 is in our given domain of rationality. 
We may now write 


p> = 2K + M’ V— 10 + 25, 
p® = 2K — M'V— 10 + 2%5, 


where 
mr = SEN ag 
is necessarily rationally known. 
ao at 
(ois = — (5) = 4Ke — M"(— 10 + 28), 


so that M’ can be determined by c and r as K is found from the condition 


t=5 ae 
I] 2: = ve, 


t—1 


which leads to the relation 


19 
Ke 
4¢2 : 
4 
hence r°c? + 19 as K ~ 0 and c = 0. 
vers 5 p2 10 n4 
w= 2/8 152r5c? + 3637rc ra 
8c — 10+ 25 

for if M’ = 0, then M = N = O and pi = — pu, so that pips = — p:? = — p# and 


therefore p1, ps would be rational and hence f(z) is reducible. It follows then 


~ 0, 


“e — 152r°c? + 363r'%ct 
—10+ 25 


but is in our rational doma‘n. 
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The roots of f(x) = 0 are given on page 120, where the p’s are defined by 


1 — — ric? 1 
5 
= 4 ae aa V16 — 152r5c? + 363r%!, 


ee ate 7 
= : it sane an 52 10,4 
pa | 52 ga VIG — 152r%e? + 363ri%c4. 


The corresponding equation becomes 
115 ( 15 


- 
SC eer tls cer aca a ag 25 ) act + ( 


sedan Poe We ea 
16 ser) c= 0. 


We ask again: Are the derived conditions also sufficient, that f(z) = 0 is an 
irreducible Abelian equation? 

Our f(z) cannot have any rational factor of odd degree, for the constant term 
would contain ve as a factor which is irrational by conditions. +c and p; cannot 
be expressed rationally by each other. Further, as every root is of the form 


= Vc[w*p; + wpa tr] = + vec Ee at - aa r|, 


2w* py 


the sum of any two roots assumes one of the two forms either 


(1) + Vc EG + wi) —* ie + 2r|, 
- + Ve E = 5 | (o* — wi), 


The type (2) shows that, if k = 7, then the sum of the two roots vanishes, which 
can happen only if the subscripts differ by five. In this case, however, the product 
2:45 contains the irrationality p1, for we have 


v2 


2 
Uiti+5 = —C Ee —_— Dap, + | x 0. 
In all other cases the sum of any two roots does not vanish and hence both irra- 


tionalities remain in the expression of the sum, for if in (2) 


v2 
Pi Qpiwe-i ’ 
then 
T = piw" v2, 


which cannot happen, as p; satisfies an irreducible quintic, V2 a quadratic and w 
an irreducible quadratic for V5 is rational. If in (1) 


r(wok -- wi) 0 
Qpw*ti <a 


pi(w* + wt) — 
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then 


which would be again impossible, as p; is irrational and satisfies an irreducible 
quintic. 

Exactly the same thing can be shown in the case of a factor of the fourth degree, 
having now instead of pi(w* + w’) and w*t/, always pi(w* + w7? + w! + w”) and 
wktitlt respectively. If 

oF + wy + wi +o" = — 1, 
then 
wktltitm = 4 J, 


and the sum of the four roots vanishes; but then the product of the four roots is 
irrational for the same reason as in the case v;%i+5. 


Whenever, then, p; is irrational, we see, that the above conditions are sufficient 
for the irreducibility of f(z). Hence we write 


ee 
J 4 1 [16 = 152c%r + 363e%r" 
2c 8c —10+2V5 


4s irrational. 
Under the above conditions, then, the Galois group is transitive and must be 
again of type 3 in Cole’s list for the five factors 


(x — 2:)(%& — %i45) (¢ = 1 to 5) 


are rational after the adjunction of p; to the rational domain and the two factors 


4=5 4=5 


I] (@-—2,) and [J (# — x45) 


t=1 t=1 


are rational after the adjunction of vc to the given domain of rationality for we 
find : 


: 35 
tik > LE = 3 Me Ve, 
i 
i<j<k 
: 45 
EARL D cert, = are, 
af 


t<j<k<il 
4==5 


Se t=+ Ve. 
t=1 
Now ai interchanges + ¥; and = y4, from which would follow that p; = = p4, 
if o; were in our Galois group, and hence K = 0 or M’ = 0, which is contrary to 
our conditions. 
o2 changes ¥1~4 ~ 0 to zero which is impossible for any substitution in our 
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Galois group, as ¥1¥4 is rationally known. It follows then that our f(x) = 0 is an 
irreducible Abelian equation. 


Type III. If c, V5, 7 but not ve are in our given rational domain, and if 


ee — 152r°c? + 363rc4 
—10+2~v5 
but rational and 


19 
era Aa a 
4 as Ae — 152r5e? + 363c4%r 
20 8c? = 104 2A 


is irrational and r # 0, r°c? ¥ = then the above f(x) is an irreducible Abelian equa- 


tion with roots as given above. 
An example is furnished by taking r = 1;c = 2. Then 


1G. lo2e7 ae obo 7... 10-168 


— 10 +245 nea 


hence our rational domain must contain 
\ 163 
—5+5 
f(z) = 2 + 1150 + 28024 + 40122 — 2 = 0 
‘The roots are 


t= — ae = + a2 | — S45 826+ V9 +1], 


t= —2#,= +2 ata] — 24 F826 +o eg ee i], 


etc. 
2. lf ps = 0, p; 0 G@ = 1, 3, 4), we have 


ps = VO(K — L(%5) = 0, 


which follows from p2 = 0, that is, from 


K — £15 = NV— 10 4 2N5 — MV— 10 — 255, 


so that w is rationally known. 
The functions 


are seen to be rationally known, if applied to by Gio. Calling them 5e and dd 
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respectively we have 


4 P3 
ed?r 
pat 2 5) 
Qed 
p3° th cies ’ 
4d 
r8 
5 saan 
p4 a rep 


If p; were rational, then ps and p; are rational and vice versa; hence we have the 
condition e, d, are rationally known and 2*ed?r? 1s not a perfect fifth power. The 
last condition excludes e = 0, and d = 0 as well as r= 0. The corresponding 
equation becomes 


f(a) = wv + 5Apr’ea® + 5 Arca? + > Asrieta’ —c=0, 


where 
Ay = Pr + de + Bre —5 se 
A3 = a ae os we as ee 
+ Trdte 72 FT _ Mase + sre? — bretd — 2 TE. 


The roots are— 


NOT (ae 
m= a= +46] 2 NG + alent rls 
ee ee oe ieee * a 


ete. 


r, c, é, d are not independent of each other, for they have to satisfy the identity 


i 19 | rtez—s- ed?r? 15 7° i f 5 r®e 
eo. 4 M+ 7 ei ee C+ e+ 3 rde — 2, 


- which follows from the condition 


4=5 


IIa: = ve 


Regarding the sufficiency of the derived conditions, we first note that f(x) cannot 
have a rational factor of odd degree, for the constant term would contain Ve as a 
factor and ve cannot be expressed rationally by p; (¢ = 1, 3, 4). . Whenever the 
sum of any two or four roots vanishes, then these sums must be of the form 


Gor tits 0) 0, ea ee, a eC 7) 
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in which cases the product of the two or four roots is of the form 


— clw*p, + wps +o". +r? or 
+ cC[w"p1 + w%p3 + w'pg + 7]? + [w*p1 + w!ps + wp, + rf’. 


In each bracket stands an expression satisfying an irreducible quintic and hence 
only a power of s = 0 (mod. 5) can make the product rational. Both products 
are of lower degree than five in the p’s and hence they are irrational. Whenever 
the sum of any two or four roots does not vanish, it must contain vc as a factor. 
It follows, then, that f(x) is irreducible; therefore its Galois group is transitive. 
This group must contain again two as well as five systems of intransitivity, for the 
five products 
(ec — x:)(@ — 24s) (( = 110 3B). 


do not show the irrationality vc, and the two products 


i=5 


I] @ — a) and Tl @ ~ 200) 


do not show the irrationality p, for we have 


4=5 
> “= or Ne, 
—) 
1 
Ds Ui; a 9 PC 
t,j=1 
t<j 
Ee ry Ber? Ve r? 
>, Litt, = | 4 —2e+ zi) 
tds k=1 + 
t<j<k 
i, j,k, 1=5 52? 73 gy? 
Lie jee. = A 1lr? + 2de + 27 era 2re |, 
¢, 5, &, =I 
i<j<k<l 


4=95 


Il. = ve. 


v4 
Applying o; and o2 toe = re we come to the reductio ad absurdum e = 0. 


It follows then that f(x) = 0 is an irreducible Abelian equation under the derived 
conditions. 
Type IV. If c,w,d,7r, e but not V24ed2r? and Vc are in the given rational domain, 
and if the identity exists 
1 . Mme. ear a i ie 5d 5 r°e 
e pa er 2 ee: + 3rd — aa? 


then the above f(z) = 0 with the given roots is an irreducible Abelian equation of the 
tenth degree. 
An example is furnished by supposing 


r=d=e=$1, CoS... 
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Here v183 must be in our rational domain as well as w, but not V183; further, 
the identity between r, d, e, c exists as given above and 2‘ed?r? is not a perfect fifth 
power; hence 12 must be a quantity not in the given domain. The corresponding 
equation is 


f(z) = 2 + 
The roots are: 
een & 5/1 5/1 5/ 1 

vant. | ties 3 ++ ett]: 


tes ae, a » 5fl AE AE 
Io = a = are3 | w aie aes ig} ’ 


619 


O10. 1010, S08. e714 es 4 
183” 


ceaucncucoeecyet P TREES SPP er erg begapnms ge 
183 ¥183 183? V183 


6 


0. 


etc. 

3. ps #0 (@ = 1 to 4). 

We proceed to show, that this case is impossible here just as case A. I, 2. 

We saw above that, if \; and d,2 are in our given rational domain, we may put 


pr’p2 + pips = dr + do V5, (1) 
p2’pa + ps?p1 = 1 — Ao VO, (2) 
pms = tR+S8V=T <0, (3) 
pps = + R— Sv =Q 0. (4) 


Eliminating p2 and pin (1) and (2) by means of (8) and (4), and finally removing p3 
in the new equation (2), we come to the result 


A’p35 ra 1 he V5 se Vr aa 2 V5)? — 4¢°T 
aris Pate ©) 


where 


A=)\,+ o¥5 = VA + he V5)? oa 4T0Q). 


Removing p3 and p, in (1) and (2) by means of (3) and (4), and finally pe, then 
equation (2) can be written 
4p,° ey A V5 + V(X Pe 2 V5)? — 4Q°T 
Ae 2Q? (6) 
Comparing (5) and (6) we have 
A2 = + 2QT?. (7) 
The last relation may be written 


(Ay + he V5) [1 + 25 se Vox + Ae 5)? foe 4QT?] = 4QT? ob 0, (8) 
hence there are only two possibilities, namely 


Ni a he V5 —= 0, (9) 


or 
(dr + Az V5)? = 4QT? ¥ 0. (10) 
Doing the same thing with pe, we find, that one of the following two relations 
must exist : : 
Ai — 2 V5 = 0 (11) 
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or 


(Ar — Ae V5)? = 4Q27. (12) 
Pairing equations (9) and (11), then A; = A2 = 0; hence we get from 


p2” 


psx(2h opt pops) 
= p2(2h Ks p2p3)” 


equation (2) that + + ae 
a 


and equation (1) that + ps* = 


P3 
af 2 5 ’ 
“.+1=pt- (4) aah p Ol aps = ps 
P4 P3 
and from (2) again we get, if p2 = p3, that p1 = — ps. 


From p2 = p3 we have 


NV— 10+ 2%5 — MV— 10 — 2%5 = 0, 


and from p; = — ps we have o 
K+ LNV5 = 0. 


As now p; ~ 0, it follows V5 is rationally known but then pip, = — pi? = — p#? 

as well as pop3 = po? = pz", and hence p; is rationally known, so that f(x) contains 

the rational factor (x — 21)(a — xs). It follows then that \; = 2 = 0 is excluded. 
Pairing (9) and (12), then v5 is rationally known, as 


I= evV5 + 0 
and we have from (12) 
AY = CT, 


eS Noy Nee SN. 


or 


From (2) we have 


27 
p2’p4 = 2d1 — p3?pi = 21 — se ) 
P2°p4 
or 
(pops)? — 2dipo*pa + AP? = O, 
p2"p4 = )\j. 
It follows again by (2) 
pops = pips’ = rt 
and hence 
2 
p= a (13) - ; 
From (1) we have ie eliminating py 
| p1"p2 = —pa’ps (14) 
p2*pa'p2 ae 9 
epee e Wawa e er 
P3 
or 
ie EE (io) 


and hence p; = p4 by (13). We have arrived at a similar impossible result as in 
the case \; = A2 = 0. 
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The case of pairing (10) and (11) is identical to the case just discussed; the only 
difference lies in the other sign of 75. 

It remains then to show that relation (10) and relation (12) cannot exist together. 
From (2) we have 


s ; oT 
pops = 1 — Ao VS — psp. = Ar — Ae VS — lk 
P2"p4 
or Sa 
(pops)? — (Ar — Ae V5) pep4 + Or EE 0, 
Ai — Ae VS 
eye G2 osu aa 
or by (2) again 
ate —s p2"p4 
4 RE PA a PS ft Or Ree (16) 


Similarly from (1) follows exactly in the same way by means of (10) 


Ai + do V5 
pi°p2 = : +, ° = p4’p3. (17) 


Eliminating p; between (16) and (17), we are led to the relation 


p2 = pz 
and hence, by (16), 

Pl = P4- 
Now pi’p2 + pops = Ai and as ps = ps 


pi2p3 + po2p4 = 1 = rationally known. 


Applying however Gio to p:?p3 + p2’p4, we see it is changed into wpi’p3 + pe’p4 
and, as p: ~ 0, we have the result: 
There is no Abelian equation corresponding to case A. II, 3. 


B. ALL gi = 4%; + 2i45 (0 = 1 TO 5) ARE DISTINCT. 


The irreducible Abelian equations, left for consideration, do not reduce to 
quintics in 2”. 
Let us consider first the five systems of imprimitivity by taking the function 


4=5 


[lL G@s— 22:5), G@=1to5) 


—! 


This function is a double-valued function under G19; hence its square is a quantity 
in our given rational domain. Putting then 


4=5 


y=] @ — 245)? @ = 1 to 5), 
4=1 


y is rationally known, but not a perfect square. 
The Lagrange resolvent 
Wr = M1 + er + Cag + Oy + e405 + eae + eto + e’xg + Bast X19 
can be written in the form 
v1 = 21 — Xo + w(2 — 17) + w(%s — Zs) + wt, — Zo) + w(T5 — Zio). 
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Similarly we may write the other values of ¥; under Go in the form: 


Yo = tit %o + w(Xe + X7) + w(3 + 2s) + w* (x4 + 2) + el oe 210); 
V3 = 11 — Fo + w*(Lo — 7) + w*(H3 — Xs) + w(t, — 29) + w(%5 — X10), 
Ws = Lit Xo + w(X2 + X7) + wi(Hg + 1g) + w(ts + Zo) + w3(X5 + 210), 
Ws = %1 — te + (Xe — Xz) + (Hs — Xs) + (Ls — Bo) + (Ls — Aro), 

Ye = ti + 76 + w (Xo + £7) + w(x%3 + 2s) + w*(a4 + %y) + w(rs5 + X10), 
7 = L1 — 6 + w(Xe — Xz) + w*(Hg — Xs) + w8(T_ — Lo) + w4(U5 — 20), 
Vs = %1 + tet wi(te + 27) + w*(X3 + Xs) + w'(T4 + Zo) + w(%s + Zio), 
Yo = %1 — Xo t w(te — Tz) + wi(Z3 — Zs) + w(Ts — Zo) + w(X5 — Tio), 


Yio = i+ 26 + (fe + 27) + (Xs + Xs) + Xe + Xo) + (5+ X10), 
Taking our f(z) = 0 again in the reduced form, then 


j—10 i=5 Vs 
> 24 =Y¥o=0 and Yixa=>. 
j=! t=1 2 
4=5 t=) 
Both functions, >) 2; and [J (#; — 2:15), are double-valued functions under G10; 
Jama | it=1 


hence calling 


4=5 
OE? 
emg t 
or ~~ ¢==5 ’ 


II (a; — Lirs) 


ce) 


then r is in our given domain and ys; = 10 Vy +r. 


Ya" 


All y,° are unchanged by Gio if a is even; and if a is odd then aE must be ration- 
c 


ally known if we adjoin w to the rational domain. Analogy to case A shows that 
we may write 


es 1047 Ki + 115 + Mi V— 10 + 2%5 +N, V— 10 — 2%5 = 109, %, 


Yo = 10+ \JKa— L295 + Na V— 10 + 205 — Ma V— 10 — 2%5 = 10ps, 


vs = 10Vy Nicos L,¥5 — Ni V— 10 + 2%5 + My V— 10 — 2%5 = 10VYps, 


Ya = 10\/Ka-+ La¥5 — Ma V— 10 + 2%5 — N2V— 10 — 25 = 10p, 


Yo = 10VK2+ L2%5 + Mo V— 10 + 295 + N.V— 10 — 2%5 = 10ps, 


y= 10% Ki — 1,%5 + N; V— 10 + 245 — M, V— 10 — 2%5 = 10 VY, 


Ys = 104/K2— 115 — N.V— 10 + 2%5 + Mz V— 10 — 2%5 = 10ps, 


vo = 107K + L¥5 — M,V— 10 + 2%5 — Ni V— 10 — 25 = 10%p,, 
Vs = or vy, V10 = 0. 
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As our 9; = 2; + 2, takes five distinct values under Gio, the quintic resolvent 


equation 
q 45 


II (¢ - ¢) =0 


<=] 


is an irreducible Abelian equation of the fifth degree in ¢ and the corresponding 
group in the 2’s is Gio, which either leaves every ¢; fixed or interchanges them 
cyclically. 
We have now from our Lagrange system by addition 

1 = %1 + 2X6 = 2p + ps + pot pal, 

go = 2 + 27 = 2[wpg + wos + wipe + w'%pil, 

3 = L3 + Xs = 2[w4p6 + wps + wpe + wpa, 

gs = Le + Lo = 2[wpg + w'pg + wpe + w'pal, 

5 = 15+ Lo = 2[w8p5 + wtps + wpe + w*pal, 
and, defining 

Gis = Li — Lins (@ = 1 to 5), 
then i 
go = 21 —%6 = 2Vy[ tort pst+ort+ pot 7, 


O71 = Lo — Lr = 2Vy[w2p1 + wos + wip7 + wg + ZI, 
ys = £3 — tg = 2 Vy[w'pr + ws + w%p7 + woo + 7), 
Po = 4 — Lo = 2Vylwpr + w'ps + wp7 + wip + 7], 
10 = Bs — Lo= 2Vylw%p, + w!ps + wor + wp + ri. 


Knowing ¢; and ¢;45, we know of course x; (7 = 1 to 10). The roots are: 


01,6 = pet pst pot ps = Vylor + ps3 + pr + po +71; 

Le, 7 = wpg + wos +.w'pe + w'py + Vy[e2o1 + wps + w!p7 + wpy + 7], 
t3, 23 = w'ps + wps + wpe + wos + Vy[wtpr + ws + wp7 + wos + 7], 
Ls, Xo = wpg + w'psg + wpe + wip, + Vylwpi + w%p3 + w2p7 + wipy + FI, 
Zs, Lio = wpe + wips + wpe + wos = Vy[w%pi + wips + woz + wpe + 7), 


where + vy belongs to 2; ea aay 


and — vy belongs to zi+5. 
Actual computation shows 


10 


Ye = 10? VP, aN Q.N5 aa (w sin w) Fy a5 (w? UE w) FP, aa dv 


and 


4=5 


Vals = 10° VP, — 0.55 = Wt +o Fi + (o + oF: + yo? 


where 
fag = K? > 5L.? + 10(M-? + N22), 
Q2 = 2K2L2 — 2(M.? + N2’) — 8M2Ne, 
Fy = gigs + gogs + 9194 + G2¢5 + $3¢s, 
PF. = gig2 + gigs + ¢2¢3 + ose + Gags. 
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Both F; and F2 are unchanged by Gio and hence they are rationally known. We 
may therefore write 
Wave = 100psp6 = 100(R2 + Se v5), 


Pos << 100p2p8 = 100(R: — Se 45), 
where R» and Se are defined by 


fae = R5 oo 50R2S. ot 10R.S4, 
Q> a 5RotSe + 50R.2S.3 —-+ 252°. 


We have the relations: 
pspe + pops = 2h, 


paps — preps = 2Se V5. 
We shall divide case B into (I.) Re = 0; (II.) Re #0. The case R, = 0 will 
have two parts, (1) S2 = 0; (2) S. ¥ 0. 
sks (1) Re a Se = 0. 


Without loss of generality we may assume ps = pg = 0; hence we have here 
again the similar relation as under (A.) 


45 |= 


2K, +V— 10+ 255 | Ms (is Ne) 
—10+2~V5 


Further from ps = 0 follows 


ps = V2(K» ale L%5) 


and from ps = 0 follows 


PP? = N2(Ko cae LN5). 


It follows then K,. # 0, for then pe = — p4 and g; would be zero; hence the ex- 
pression in the bracket cannot vanish and therefore w 2s in our rational domain. 
For the same reason, at most three p; can vanish and we shall divide the dis- 


cussion into 
(a) pp = 0; pra XO (8B) p2 40; px #0. 


(a) pz = 0; hence wore 
K,=LN5 #0 and py = V4Ke 


4K> is not a perfect fifth power, for then ¢: would be rationally known. Putting 


a Beer va seine Vi re Ves, 
VAY es WEN PAY vivy "7 


then 6’, 3’, ¢’, n’ are quantities in our given domain, for numerators and denomi- 
nators change at the same time the sign, or are left fixed by Gio. We get then 


oe = X1 — te = 2 Vy[108n! V(4K2)! + 10°¢’ V(4Ko)? + 100 V(4K2)? + 8’ V4Ke +7]. 
Putting 


10°’ = 7; 108’ = 8; 10°¢’ = ¢ 
oe = "5 
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4K», = xis not a perfect fifth power, but rationally known 


6, n, 0, ¢ are rationally known 
we have 


a1, 6 = Ve + Vor + oN + OVE + EVE + 0 Ve, 
te, t7 = wo Vk + Vy[r + od Vk + wd VP + wt Vie + wn Vqd, 
ee pie ee 
The corresponding equation is 
f(a) = [x5 — Aye* + Aor? — Aga? + Aur — As] 
xX [25 — Birt + Box’ — Bz? ++ Bar — B;| = 0, 


where 

Ai, B, = = dr vy, 

As, Bz = + 10yr? — By«(dn + 8f) = 5x Vy, 

As, Bs = — Lrynk + 10ydte + Syne? + 5 vy[Qyr? — Bry«(nd + 85) 


EP Ck Ye 1 Uy Oe oP 
Ag, Bs = 5y7r* + By? (Pn? + P57) — Sy KCK + BF + FER? + I yx) 
+ Byn?? — L5r?y?(dn + 8G) K + LOK Sy + OF + 1K + 876) 
+ 1l0yrgk — Sy nddoe2 — L5yddK + 5 Vy O82 — Oe — Bry nk 
+ Qyrh2e — yqd En — BySIK + Qy726e2 + Bryden, 
A;,Bs = «+ 5y764K + 1078 — Sy? — By? nF — Syonk? — 152K? on8 
+ By7htntk® — Syren + Sy*r?2d2x + 1Or yb 6K — Sry? — Sryd 
— Bry2nd x2 — L5ryddx — Ldry2ds2x + LOry2dy2x2 = Wyly2nixt + y29x2 
ty? FF + 762K + oy? + 56K + 1L0V 8K — by? 66 nk? — Sy? FH 5x? 
— By7n dK — Sy7byFu? — LOyn bn? + Sy7K?(C29?25K + C796? + 7? 60? 
+ 0nd?) + Sy S70? + Syne? — Srey? K C8 4-0) Oy KP nk FO 
hayprk e070) yi Cn = Ory KC Ona 6 tm Gk a) a 
+ Bry? (9S + 870?) — Sy*rnd od? + Sryn?e’]. 
y, 7, 6, n, 0, ¢ are not independent of each other, for the condition 


4=5 a 
I] (xi — Zits) = Vy 
leads to the identity 


jin = Kt F963 + PK? + OPK + 7? — S[ yb + Bl6? + Cyd + Sek? 
A 52822 + PEE Ey A S223] LE Srre2(y?262 + 92¢2) 

+ Br? (nd? + PSK + nk? + PEK) — Sr (by + 8O)K 

— Sr + By + Obx? + SSK) — 5xCd. 
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There is obviously another condition to be imposed upon 7, 6, £, 3, » namely not 
all five can vanish at once, for if 


then the irrationality vy disappears entirely and f(x) splits up into the two rational 
factors 


t=5 t=5 


Il (@—-2,) and J] (e— 245), 


et t=] 
as can be seen from the above A, and B,. 


We ask again: Are the derived conditions also sufficient, that the above f(z) = 0 
is an irreducible Abelian equation? 

f(x) cannot contain a linear, rationally known factor, for vy and vk cannot be 
expressed rationally by each other; the former satisfies an irreducible quadratic, 
the latter an irreducible quintic. The sum of any two, three, or four roots is of 
the forms respectively | 


(w + wt) Vi + Vrfi(w, Vx), 
(w* oa ot ta w”) Vk + Vyf2(w, Nx), 
(w* + wH + w” + w) Vike + Vyfo(w, Vk). 


Hence, for the same reason that vy and Vk cannot be expressed rationally by 
each other, the last three forms must be irrational, even if | 


filo, Ni) = 0 


vx can disappear in a factor of the fifth degree, only if the roots of this factor are 
x2; OF Xi45 (t = 1 to 5) and in fact the above symmetric functions of xz; and Zi+5, 
which we called A; and B;, show vy as the only irrationality. Our question is 
then simply: Can vy disappear in all A; (¢ = 1 to 5) without contradicting the 
derived necessary conditions? A, and A: show that we must have (a) r = 7 = 0. 
Then we must have further, if vy shall disappear, 


0) Ga oes a veer 0 oy As) 
(c) F+ 3ydP + yx =0 (by A4). 


Let us first see whether one of the quantities ¢, 3, 6, 1 + 376, can vanish without 
contradicting the necessary conditions derived. 

(1) If 6 = O then by (b) ¢ = O and hence by (c) & = 0. 

This case would require 


and 


and contradicts our conditions. 
(2) If ¢ = O then by (6) 6=Oord = Oasy 0. 
¢ = 6 = 0 requires ? = 0 by means of (c) and is therefore again impossible. 
If then 
r=n=(f(=0=0 5 +0 
then A; shows that 
y?54 + 1072+ 5 =0 
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if Vy shall disappear in A;. Hence 
v8 ~¥ —5 + 2V5 
and, as our identity leads to 
si = 65x, 
we must have 
vy is not a perfect fifth power 


for otherwise « is a perfect fifth power which contradicts the conditions. 

(3) If & = 0 then ¢ = 0, which is again case (2). 

(4) If 1 + 376 = 0 then ¢ = 0, which is again case (2), 

Assuming then that (a), (b) and (c) are true and that ¢ #0, 3 #0, 6#0, 
1 + 378 + 0, we must have . 

vk 
da 1 as 355 PY (c) 

and hence by (6) 

(Te ye) a Sy: 
= 5K? 


P= 
80 that from A; it must follow 
1 + 15y6? + 607764 + 757755 + 257468 ¥ 0. 


In this last case, that is 
ee ee ee eee eee 
era Von 


r=n=0, 
our identity reduces to 
775° 
~ 251 + yd? + 147264 + 487358 + 20-7463] ° 


K 


*=5 
Under these conditions [J (x — x,) must contain coefficients involving vy. 
$1 
This proves, that f(x) is irreducible, if all conditions are observed. Furthermore 
the group of f(z) = 0 must have two as well as five systems of intransitivity; 
for A; and B; show that f(z) splits up into two rational factors after having adjoined 
vy to the rational domain; and having adjoined p, to the rational domain then 
f(x) = 0 splits up into five equations with rational coefficients, namely into the 


five equations 
(e — x:)(@ — tits) = 0. 


It follows then that the group of f(z) = 0 is a subgroup of the Ges above and it 
must be Gio, as a1 as well as o2 change x = ¥,.° # 0 into a quantity which is zero. 
Type V. If 


w, T, ¥, 6, 3, f, 0, « 
are quantities of the given rational domain, but not 
vy, Vk 


and if the identity exists as given on page 141 then f(x) = 0 with the roots on page 141 
is an irreducible Abelian equation, if not all of the five quantities r, 0, n, ¢, 6 are zero— 
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with two special exceptions, namely 
(1) fr=7n=0=¢=0 theny® ¥ —5 + 25, Lo .vy = trrational| 


1 + 78)(1 + 378) 76K 
= — oe =_—_—- _ —— 
(2) YG Beg | 0, ¢ 76K ») d 1 a 378 
then 
1 + 1dyé + 607754 + 75y*55 + 257458 ¥ 0. 
Illustrations : 
(1) y=2, 7=2, r=0=(=65=0; 
then from the identity we have x = : ; 
Hence the roots are: 
1 An 
ty t= ge Bg 
1 = 
L2, 27 = wf = w? V2 qe 
etc. 


The corresponding equation is 
f(x) = 162 — 60x° — 4x5 — 202° + 252? — 5x — 0, 75 = 0. 


Our domain must include R(w). 


(2) C=0=6=7=0, «=2, r=2 
then by the identity we get 
y = 255. 
Our domain must include R(w). 
5 210 — | 
fla) = al + Seat — dat + Seat the eo. yok Gl 


The roots are: 


1,05 = V2 + Ae 


t2, 07 = w V2 + ana 
(8) pr # 0, pa x 0. 


As w is rationally known, we may put 


= , pa — 


[Vou. 1 


where A, x are in our given domain. Similarly, .as under (a), we may write, if 


v’, p’, 6’, 0 are in the given domain 


v7 pe Yo na 
V2 Vy 4 
- io soit vee oorae 
Vyy2 Vywe 
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Hence 
ye = ty — ty = 210%! VF + 108’ Vie +o WA 4+ 8’ Ve +7] 
or, putting 
10’ =p; 10” =9; =v; F = 6, 


then #, 6, u, v are rationally known and not all five quantities, 3, 6, u, v, 7 can vanish, 
as then gs = 0. Our roots become 


ay, te = WA +N & Vy WS + Ve + NA + OV + 71, 
te, By = wt A + o® Ni Velo VN + wd Vie + wtv VA + 08 Ve + 1. 
A - a ete. 5 : x 


Both VA and Vx are not in our given domain, for otherwise (x — a;)(% — ®izs) 1s a 
rational factor of f(x) and as both Nx and Vx are rational or irrational at the 
same time. Further, \ + = x, for then 


y'3! pine Vaz 
Wye 
would become 
V7 ee ng! 
yy er . 


Applying Gio to 37 we see that it is a rationally known function and hence y23 
and therefore po = Vx would be rational. 

Yow2 is unchanged by Gio; hence if 7 = = Vix then 7 is a quantity in our rational 
domain and we have the relations : 


The quantities 
T; K, Y> ’, ae 6, BK, 4 


are connected by the identity, based upon 


gi (2; — Lins) = vy 


1 515 5-5 , ‘ : 
Rees = . a k+r?—5 Ee “+ PvdKT + ud is sw | 


bo 
or 

<2 
bo 

>, 


6 
+5] poets? + ortor + ee S + buy e+e Pogo | 
ses 2 pee iD is 3 
+ 5r wd at OK + ve a ovr — 5r wo, + dust +005 + 59K 
Br? | wd = ef 
_ wo — + dvr — Suvddr —. 


The roots may now be written in the form 


aa ies Wee sae 
byt = + owt Vk = a nae: +oietr |, 
K2 


K Vk Te 


ete. 
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The corresponding equation is 


f(x) = (@ — Aiat + Aor? — Agr? + Aw — As) 
; x (x5 <n Byx* + Box? — B3x? +. Bux — Bs) = 0, 
where 


Ai, By = + 5r vy, 
2 2 
Ae, Be 10ry — Syr( ud= + dv) = bra (w= +9), 


2 5 
As, Bs = 57 + 5y(&r + 8x) — 15ryr (= an 0) + 107 (we 5+ vor ) 
75 73 78 
+ Bay EG i Ms an e0T PUY ee ws + 86x 
7 3 
om Syrys — — Syndr | : 
‘pe 7 p 
As, B, =—5 ras oy + bY? 7? (wee + ot) as 5y? ( v6 2 + OK 
10 2 
+ py ei + ur ) + Byr2(wer + 8) — 1br?y?7 (us = +. ov 
75 78 7 
+ 107’r (5+ &yr + wd + 56x ) + 10yr (45 + yr ) 
7 rT 7 : 
_ Sud dv — _ Synod — _ 15yv — (6 + v) — 15ydd0xK 


n+er) 673 


OR 
: K 


+ 40rd + 5 | Orr — at (2 R 
2 4 
or ye G + °) + 2yr(&r + dx) — you — (vy + 6) — By 
3 6 4 
a By —— — 370K + Qu + QyPvr? + 8ryrr (u5+ 5) | : 
5 45 25 
A;,Bs = eee kor by (AF + ite) a Oy (“F+ i ) 
3 8 
— Byker — By?r (suo + bx + wo) 
are fs eee 3 = =) 
— 5yur (vo + 05) - 150d : 1Sytuer (8 age 
9 7 
+ By + by ( yee + ) + 10y87?(5 + v) 
2 
— by*rr (9 + w= )+ Byr2r + By*r?(62r + 8x) 
4 3 7 
+ 10r'yter (w+ 5) — 5ry?7? (=+ ee) — 5ry (32+ ox) 
K K K K 
4 3 
— Sry?nd — (» + 6) — L5r-yy — — 1l5ryé6 ( yo + ix) 
3 4 
— 15ry%s (#2 + 9x + 10ry27? ( yd? aut | 


5 15 55 
ay | 55+ Bie + 1 (he + one + OF 1 ite-+1) 
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5 5 8 
+ 10y (> + i ) — 5y’r (wos = + vox + pd + bud — ) 
4 an 5 4 
— 5y8xr — 5u— — Syprr ( 6+ 95) — 15yps? — 
. K K K K 
6 5 
— 527? (195 + p95? + p2d2y _ - i*0ur ) + 5372(1 + yv?) 
6 2 
+ By? ( uo — + 96? + ud*r ) + Wrydvir? — 5yr7 ( vd + yd =) 
7? 78 74 
+ 5y?r? ( Peat &2y7r + wos oa 8°5« ) + 5yr?r G r) 
73 73 710 
+ lOrtyor — br — — Bry? ( 5— + 89K + wry + ur) 
74 74 74 
+ Bry2r? Caz + § =) — 5rfudvd — + Sry? G 4s a) 
4 3 
— 5rypd — — Lory? | 
K K 


Regarding the sufficiency of the derived conditions, we first note that the group 
of the above f(x) = 0 must contain two as well as five systems of intransitivity; 
for, adjoining Vx to the rational domain, f(z) splits up into the five rational factors 
(x — 2;:)(% — Zixs), as seen directly from the roots of f(z) = 0. The above A; 
and B; show, that f(x) is the product of two rational factors, if Vy is adjoint to 
the rational domain. It follows then that the group of f(z) = 0 must be a sub- 
group of the above Guo, if f(x) is irreducible. 

Just as under (a) the sum of any two, three, or four roots can not be rational 
under the derived conditions, as Vy and Vk cannot be expressed rationally by 
each other and as w is rationally known. The same is true for any single root and 
hence f(x) cannot contain any rational factor of the first, second, third or fourth 
degree. The sum of any five roots is either irrational for the same reason or it 
is zero, which can happen, only when we pick out the five roots belonging to the 
same system of intransitivity. It remains then to see when the coefficients of Vy 
in all A; may vanish. A; and A; can be rational only if respectively 


Gy r= 0 () ui +9=0 


as tT ¥ 0, y € O. 
A; is rational under the assumption that (a) and (b) hold and if 


o z 2. 2 2 
(c) — tet +4 (- + by +8473) =o 
Assuming the truth of (a) and (6), again A, is rational, if 
v8 2 
Ske (= = 7) = G +) + yd?x(v + 6) — 38yrb7 — 8y7 


d 
@) _ 8yKd 


7? 


+ 2768? + 2yvi? = 0, 
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and A; is rational, if 


1 373 > 2 73 6°K 3 6 3 3 6° 
iO ae ae le 8 ea et pose 


K T K2 T K 
6? 2 
— 9 (2 — #87 — dr) — 7S 4 29+ By (0422 | 
K 
(e) 
2,92 
+ 37887 — 779 (= AAU NR ed *) + dy 
T 
+0 (22 + 9 — “*) + 208r6 = 0. 
We have then the following condition: if r ¥ 0, f(x) is irreducible and if r = 0 
and w = — 0x/7? then 7, x, v, 6, & must not satisfy at the same time all three relations 


(c), (d), (e). 

If then all the above conditions are true f(#) is irreducible and the group is a 
subgroup of Ge4o. 

If uw = 3} = 6 = py = O, then our identity reduces to 2°y2r5 = 1 and hence in this 
case y is a perfect fifth power of a rational quantity. 

a, cannot be a substitution of the Galois group of f(x) = 0, for it produces, if 
applied to 

T= ppv FA 0, 

pspe Which is equal to zero. 

o2 applied to r = pops? produces pep.” = 0. 

It follows then that the Galois group of f(z) = 0 can only be Gio and hence 
f(x) = 0 is an irreducible Abelian equation. 

Type VI. Ifw,y,7, 7, k, 9, 5, u,v but not Vy, Vk are in our given rational domain, 
and wf not all five quantities r, 0, 6, u, v vanish, and if the identity of page 145 exists, 
then f(x) = 0 with the roots on page 145 is an irreducible Abelian equation with the 


special restriction, that, if r = 0 and uw = — dx/7*, then v, 6, 3, 7, k must not satisfy 
all the three relations (c), (d), (e) of pages 147-148. 
Illustrations : 


Tess Meee eo se a a 


a T, k may be chosen arbitrarily according 


To satisfy the given identity y = 


to the given conditions. The roots are: 


- 1 
ten = Vi + 5a, 


a 2 
L2, 07 = . Pot les 
K 
CLs tere 
3 5 
fe) = a! — 328 — 10ra? + 5 (5p — =) at - ae 3425 ) as 


4 5 
+ (25% - =) a+ (8, 4507 ee 
K 
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2 2 x 25 
710 25 re OB 25 7? 35 x 
rears oe te enh oe Oe es on ge 


Assuming rt = 1, «x = 2 then 


5 155 js eas WE 120 
soya Reeitcade SER Po eh oe a eel 
(x) = 2 gt 10x 39 2 4 g Uta 
44085 465 405457 
ga") oes coumeeae 
The roots are: 
1 3 if 
oe ae 2V2’ 
w4 3v9 1 
= — be SS 
ern 22 
etc. = ele 
The given domain must include R(w) but not V2. 
Qr=p=—8 =6=0, »=1, 7 = 2. 
As this is the case, 
r=0O and w= eG) 


T 


we first must see that not all three relations (c), (d), (e) on pages 147-148 are satisfied. 
In our case (c) reduces to v = 0 and hence the values chosen are admissible. Our 


identity reduces to 


1 Bor ee 


2? Ke Ke” 


Choosing « = 2, then ¥2 must not be in our domain and V2 must not in the 
given domain, but w must be rationally known. We have then 7 = 3. 


35 29 25 1575 LiZe 2075 1165 
(a) = 2h a Pog ao 4 e+ 28 zy? — 510 sd “ou = 9. 
The roots are: 
1 Be 
U1, Xe ar as 9544’ 


w4 Sins wt V2 
te ie 2594" 


etc. 
B. I. (2) Re =0, Se +0. 


There is no irreducible Abelian equation of this proposed type. The proof is 
here omitted as it is entirely identical to the proof given under A. I. 2; we need 
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only to replace 


: Ply P2, P3, Pa, Li, 
by, respectively, 


P6, P8, P2, P44, Pip 


B. II. R. ¥ 0. 


From the relation 
Peps + pops = 2Re 


we can have at most two of the four p’s equal to zero: either ps = ps = 0 or 
p2 = ps = 0. Both cases are identical in the abstract. We therefore cover all 
cases corresponding to B. II. by dividing B. II. into the three sub-cases 


(1) ps = po = 0, 
(2) pp=0; po X¥ 0, 
(3) psX~O0; pe X 0. 


B. II. (1) ps=p2=0, ps #0, pp XO. 
From the conditions: 
ps = 0 follows Kz — L.\5 = — N2V— 10 + 2%5 + Mz V— 10 — 2%5, 
ps = 0 follows Ke — L2¥5 = + NoV— 10 + 2%5 — M2 V— 10 — 2%5, 
| sh 0 or Ka NS: 
Suppose for a moment Ke. = Lz = 0; then ps = — ps and g; = 21+ 25 = 0, 


which is impossible; hence K = LV5 # 0 and therefore V5 is in our given domain. 
It further follows from the above, that 


Ne N10 045 


ieee ag 6 ONS 


or 
VR 
eee oe = 
so that 
pe = 2K, — eae = 
V— 10 + 25 
and 
20M 
pa = 2K.+ : ; 
V— 10 + 2%5 
hence 
es A 400 ‘ 
P4p6 2he A)4K, Sec hee ek ) 
or, putting 
; eae 20 
ae 10 +245" 


then M,’ is rationally known and 
(2R2)® = 4K. — M,'(— 10 + 25) is a perfect fifth power. 
The following four functions ¥;/W6, ¥3/W2, W7/We2, Wo/W4 are seen to be double-valued 
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functions under G0; hence, if we write 
pi = Tpe, Ps = Ups’, Pr = ape, Pos = Spa, 


then 7, 3, ¢, 6 are quantities in our given rational domain after the adjunction of w. 
By actual computation we have 


5 
Vivo = 10°yp1p9 = ¢ D Ps + (wt wo) Fi + (+ o*) Po, 
1 


15 
Wal? = 10°ypsp7 = ¢ D Paes + (w+ w)F1 + (w + wt)Po, 
ir 


where . 
F, = geys + ve¢a + Y7¢9 + ¥7¢10 + ¥8¢10; 
Fe = ge¢7 + Ge¢i0 + Y7¢8 + G3s¢9 + Po¢10- 


F,, F, are seen to be rationally known, if applied to by Gio and as V5 is in our 
given domain, the two functions pips and psp7 are rationally known and hence 
from 

pip9 = TOpaps = 27dRe 
and 

p3p7 = o0pepe = 400RY? 


it follows that 76 and od are in our given domain. 
Further, 


pi? ar po mE! (Ky + Ty 45)2 are 5°p4° rae per 
= 2Ko(r5 + 85) + Me! V— 10 + 295(55 — 1). 


Similarly 
p3® + p7® = (Ki — Li V5)2 = 354! + op, 
= (4K 2+ Mz" — 10 + 2-V5)|(05 + 0) + 2°K2My! V— 10 + 2%5(95 — 0). 


Summarizing now the facts that p15 + po°, ps® + p7°, o3, dx are quantities in 
our given domain and that 4, 7, o, 3 are also in our domain, if we adjoin w to this 
domain, then it is seen that we may write 


(1) r=a+bV— 10+ 2%5, (2) 8=a—bvV—104+ 2%, 
(3) #=a+pV— 10+ 2%, (4) oa pV 0 oN 
where a, b, a, B are in our given rational domain. ‘The relation 
(5) (2R,)5 = 4K. — M2”(— 10 + 2 V5) 
which we established above and the identity 
1 


Bind = Tock + Opa + Hoe + ofpe? + rh + 5 - 2R2(3a2R, — 7d)[(r2d 
6) + 6c)4Rot — (3925p45 + o2rpe®)] + 5r - 4R22(n26? + 00”) 
+ 5r{(429 + 8o)4Re? + (825p45 + o2rp5°)] — Sr - 2Ro(w5 + Vo-2Rz) 
— brrédo - 8K — 5r(mope® + 89p45) — Sr - 2Ro(Hrpa> + 075p6°), 
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which is based upon the condition 
4=5 
It (ti — 2ips) = vy, 


+=] 


enable us to express M,’ and Ke in terms of Re, o, 3, 7, 6, y. The relation (6) does 
not involve any quantity lying outside of our rational domain, for we have 


75 = a — b2(— 10 + 2%5), 
do = a — B(— 10 + 25), 
rd + 8o = Qala? + b2(— 10 + 2%5)] + 4Bab(— 10 + 2%5), 
86p4> + cmp? = 4K.[aa? + aB2(— 10 + 2¥5) — 2a6b(— 10 + 2%5)] 
+ 2M,'[2aa8 — ba? — b6?(— 10 + 2%5)](— 10 + 2%5), 
ops + 8p = 4Koaa + (— 10 + 2%5)2[cabake 
— (3a + b'[— 10 + 2%5])(28K. + My’) 
+ 6M,/(a + 3ab[— 10 + 2%5))], 
Srp + odp6> = 4Koaa + 2(— 10 + 2%5)[caaB_2Ks + 6barBKe 
+ 2K.bB?(— 10 + 2V5) + M2'(ba — 3ba6?[— 10 + 295] 
+ 3ae8 + af6?(— 10 + 2%5)], 
rpg? + 65p.> = 4K.[a> + 10a3b[— 10 + 2%5] + 5ab4{— 10 + 259] 
— 2M.'(— 10 + 2%5)[5a4b + 10a2d'[— 10 + 25] 
+ b[— 10 + 2V5/], 
8p 29 + gpg? = 2[4K.2 + M.”(— 10 + 2%5)][a> + a362(— 10 + 25) 
. + a64(— 10 + 2%5)?] + 8K. + Me'[atB + 076%(— 10 + 2%5) 
+ p5(— 10 + 2%5)2](— 10 + 2%5). 


Having found K, and M,’ from (5) and (6), we know py, and pg¢. 
The roots of f(z) = 0 are 


t1,%6 = pat ps = Yat bV— 10 + 2%5)06 + (a+ pv— 10 + 2%5)p2 
+ (a — BV— 10 + 2%5)p2 + (a — bV— 10 + 2%5)p, + vl, 

22, 27 = wp5 + wos = Vy[w2(a + b V— 10 + 2%5) 96 + w(a + BV— 10 + 2%5)p2 
+ (a — BY— 10 + 2%5)wtog? + wa — bV— 10 + 2%5)o. + 7h, 


etc., 


where 


ps = 2Ky + My’ V— 10 + 2%5, 
DG 2K ee] Mise 10 “+ 2N5, 
where K. and M,’ are found from the relations (5) and (6). 
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The corresponding equation is 


f(x) = (a5 — Ayx* + Aga? — Agr? + Aut — As) 
x (25 = Byx* + Box? = B32? oe Bu — Bs) = 0, 
where 
Ai, B, = + Br Vy, 


Ao, Bz = 10yr? — 10R2 — 10Rey(r6 + 2c0R2) = 10R2Vy(a + 4), 
A3, Bs = 5y(o2p6° + 84°) — Lory - 2Ro(rd + 0c) + 10y(rd + 06)4R2? 


= VWy5[2yr? + 4R2(o + 3) + y(o2rpe® + 86ps®) + 4yRo?(Po + 77d) 
= 6rR, at 6rR2(16 — od2R2), 

As, Bs = + 20R2 + 5y’r* — 30yr?Rz + 207° Ro? (0?& + 40°0?R”) 
— 5y[(o75p6° + 8rps)2Re + B3ps> + top6°)| + 20y R22 (x? + 8) 
— 30ry?Ro(rd + 2oIRe2) + 1072r[o2rp6> + V5p45 + 4R2(8o + 778)] 
+ 40yrR2(o + 8) — 40yo0RF(1 + yrd) — 15y(rop6® + Bbp;°) 


+ 80yrbRe + 5Vy[— 2yRo(o2 p65 + I p45) + 2yr(o2p6> + 04°) 

— (dp4® + ope?) — 6r’yRo(a + 5) — 8y(r + S)doR3 

— 3y(rope® + &dps®) + 8yR2(m + 6)(1 + 16) + 82ryRe"(rd + o5)], 
As, Bs = 4K + 5y*(r4pe6> + 54p45) + 10y(r?p6° + 64°) 

— 5y[2Ro(o8 + 733) + od (ps? + 0796") |4R? 

— 40yR33(or + 68) — 1207R23(o6 + rd) — 1207?R*r6(c6 + Or) 

ae 107R2(o’p.° + 0? p4°) + 107?R2(0?7"p 6° + 62039?,:04°) 

— 10y*rRo(a + 6) + 5y*r?(o?p6* + 894°) + 40°’ yR(d0 + 78) 

— 10ry?R2(o2p6° + 33p4>) — Sry(Sps® + ope®) — 40ry’*0oR* (a + 5) 

— L5ry(06p.2 + ops?) — 1L5ry?(082p4> + ope?) 

+ 40ryR2(r + 6) + 40ry?R2?rd(a + 4) 


ar Vy[y2(a5p 6° + G50 4+ g5pgl0 + $5945 + 75) + 5(apg® + Spa?) 
+ 10y(m 5° + 84°) — 20y?R2[2Rerd(o5? + Ia?) + do(60%p4> + o?rp6°)] 
— 40R3(o + 8) — 1207R2'75(o + 3) — 1207R23 (08 + Or’) 
+ 10y?Ro(16(c2rp6® + 35p4°) + 8R3ad(c8? + Or?)) 
+ 10yR2(cd8R.3(o - 0) + o6p6° — 70 p4°) arr 10yr7Re 
— 107?r?Ro(r6 + 2Rood) + 5y?(o2rp6? + V76p4°)r? 
+ 207?r?R22(8o0 + rd) + 20yrR2(o + 3) + 20rR-? 
— 5ry?(Fdpa> + maps?) — 10ry?R2(o75p6> + Frp4°) 
+ 20ry?Ro? (726? + 422073?) — 40ry?RFodrd | 
+ 207R22(r? + &) — 40ryR23od0 + 80ryR.?r5]. 
Our next question is: Are the derived conditions also sufficient, that f(z) = 0 
with the above roots is an irreducible Abelian equation? 


First of all we note that not all five quantities a, b, a, 8 and r can be zero at the same 
time, for then f(a) would contain the two rational factors 


x — Ax" a A ox ay A3x? + Aye = A; 
and 
x Byx* + Box? ss B3x? + Bit Fag Bs, 


as seen from the above functions A;, B; Further 


pa =); 
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for then 
pape = + pp” = + p-’ = 2Rz 
and hence 
g1=%+ 2% 


would be rationally known. It follows then that equations (5) and (6) must lead to 
Ke#0O and M,.’ #0 


otherwise we have no irreducible equation corresponding to case B. w may be 
rationally known or not; it certainly cannot be expressed rationally by p. or pe, 
for if w is not in our domain, then w satisfies an irreducible quadratic, as V5 is 
rational, whereas p, satisfies an irreducible quintic. It follows then, as just ex- 
plained under B. I, that the sum of any two, three, or four roots must always 
contain the irrationality ps and p¢ respectively and that f(x) cannot have a rational 
factor of the first, second, third, and fourth degree. 

Whenever the sum of any five roots does not vanish, this sum is irrational for 
the same reason; the first case, however, can happen only if we pick out five roots 
belonging to the same system of intransitivity. Our question of the irreducibility 
of f(x) simply amounts to the following question: Under what conditions can all 
five A; be rationally known? % 

A, shows that we must have r = 0, if vy shall disappear. Further, from Ag, 
we must have z + 6 = 0 as Rz ¥ 0; hence 


a = 0. 


Under these conditions we get further the relations from A; 


4aR2  —_ 4KsbaB + M2’b(a? + 6[— 10 + 2-5]) 


I = = 
@) — 10 + 2v5 1 + b%(— 10 + 2%5) ; 
from Ax: 

4yR2Ki[a* + 308?(— 10 + 25)] + 2yR2M2'(— 10 + 2%5)[3028 
(ID) + 63(— 10 + 2%5)] + [2Kea + BM2’(— 10 + 2%5)] 


x [1 + 3yb2(— 10 + 2%5)] = 0, 
and from A;: 


(III) 2{2b5M.’(— 10 + 2%5)3 + [8K2 + 2M.”(— 10 + 2%5)] 
x[a> + 10a362(— 10 + 2%5) + 5aB84(— 10 + 2%5)?] 
+ 8K2M./(— 10 +2 ¥5)[5a48 + 10a262(— 10 + 2%5) 
+ 6(— 10 + 2%5)} — 10M2’(— 10 + 2%5)(b + 2b%7) 
— 80R3al[y2b4(— 10 + 2V5) — 1] + 10R2b(— 10 + 2%5)[8K22a8 
+ 2Mo'a? + 2M./62(— 10 + 2%5)][272Re(a? — B[— 10 + 2%5)) 
— b2>(— 10 + 2V5) — y] + 160R2*yala? — 62(— 10 + 2%5)] 
x [1 + yb?(— 10 + 2%5)] = 0. 


If then r = a = O and equations I, II, III are true f(z) is reducible, having two 
rational factors each of the fifth degree. If, however, not all these five equations 
are satisfied, f(x) is irreducible and must have two as well as five systems of in- 
transitivity, as seen directly from the A;, B; respectively from the roots. Its group, 
being therefore a subgroup of G249, can only be Gyo, as o; and o2 are impossible in 
the Galois group of f(z) = 0 under our conditions, for we have 
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o, interchanges p, and pe, so that ps = + pe, if o1 were in our Galois group and 
hence M,’ = 0 or Ke = 0, but this contradicts our conditions. 

Similarly o2 is impossible in the Galois group, as o2 changes ps to wtp. = 0, which 
contradicts Re ~ 0. It follows then that our f(z) = 0 is an irreducible Abelian 
equation under the derived conditions. 

Type Vit. If N5, a, B, a, b, Ke, Me’, y, 7, Ro, but not Vy are quantities in our 
given rational domain and zf not all five quantities a, B, a, b, r are zero and 7f relations 
(5) and (6) on page 151 exist and if Re ¥ 0, Ke ¥ 0, M2’ X 0—then the above f(x) = 0 
with the given roots 1s an irreducible Abelian equation, if 


5 
\/2K2 = Mo’ V— 10 +2%5 


1s not in our domain and if not all five equations r = a = 0, (I), (II), (III), are 


satisfied. 
Illustrations : 
(1) a=b=a= 8 =0, r = 2, M,’ = 1. 
Our identity (6) shows 
1 — rd 
ye 


hence y = 2-5. 
Equation (5) shows a. 
(2R.)° = 4K? — (— 10 + 2%5), 
hence, taking 
N5 


Ke — + O17 
we have 
Re a 1410. 


Here our rational domain cannot include V2, and 


5 a 
Von + V—10+4+2%5, 


but must contain V5, 10, A Be 


As r #0, not all five equations r = a = 0, (I), (ID), (III) are satisfied and 
hence all conditions are satisfied. The roots are 


ts, ay = ot Af ¥2N5 + V— 10 + 295 + wt Af ¥25 — V— 10+ 255 = 4/4 


ete. 
A 5 9 5 .. = 
f(x) = x0 (5+2 \10 ) Bas (G- 16 Vi0 + 25 \i0® ) a’ — 4 V2N5e5 


+5 (s5- 308 V102 + + N10 ) at + 5(1 — 4 ¥10) V2 523 
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+(sn-j iat aes ed apa 10 ++ — a)? 


+86 +5+55- = “> 0+ 5 VIG + F NIO + SI0* = 0. 


(2) r=a-p—b=0, @=1, Mii =i) 
1 1 

R = —5 *as5, Ke s6, 

ee a NIG 


By these values chosen all conditions are satisfied. 


The roots are: 


oe | e 
m, oe = \V— 10 + V— 10 + 245 + v= 10 — V— 10 + 245 


1 
+= 5| Wi 10 + 10 +255 + fv 10 - 10-4258], 


ws, 27 = oP \{V— 10 + V— 10 + 2% + ot a/V— 10 — V— 10 +25 


1 1 
a: va -| »4/V=10-+ V—10+2%5 +a? «/—10— ¥=10+425 |, 


etc. 


"5p 1 30 
8 el 
— 10 =5)? : | 45 + ag a | 


5 5 eS 
J—10 é N40 .5 
+4 oerae a, |= + s%a0 


9 55 
— + —— 4 \ ee Ny) 
«| 20 +a steal + 40V— 10%2 5| + a= 


f(x) = 24+ 2N2N5 (5 +53 = 


21 

sV— 10 

ee 5 [2 + 1008 5 s| 1 ta eon 5 
1 

5 [2 + 40070 1080 1 a 

pee gs [e+ sv= 10 26 at 

ee | 


Here the given rational domain must not include 


V21=10, «v= 10+ V— 10 + 2%, 


== 
~ 9N— 108 


but it must contain V— 10, V2.5. 
Bott. (2) ps = 0, pe € 0, ps ~ 0, pe ~ 0. 


From ps = 0 follows 
Ke Nore NG NS 10 285 2g 
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hence 


p, = V2(K2 — L2%5) ¥ 0. 
It follows then w 2s rationally known. 
Putting then 


then z, ¢, 6, o are in the given domain. 

Here again not all five quantities r, 7, £, 6, o can be zero at once, for then f(x) would 
be reducible. As w is rationally known, we may put p:”/ps = g and p¢/p2 = h, 
where g, h are quantities in our given domain, g ¥ 0,h ¥ 0. 


We have then 
2 b ae So 
pe = = (2 | pepa = + 2gh?Ro, 
yey 4 as 2R 2 
ey Bz = : me g ive 
é &) pe (4p6) he 
agers (pepa)® fa 2*R.* 
P4 pe gh? iy 


If ps were rationally known, all three p; would be rational and if p¢z is not in our 
given rational domain, then p2 and p4 cannot be rationally known. Whenever p; 
is in our given rational domain, f(x) splits up into the two rational factors 


= 


II @ — x) and Tl @ — ips). 
t=1 
It follows then that 2gh?Rz is not a perfect fifth power. 
The last condition includes the three conditions above, namely 


Re#~0, h¥0, g XO. 


We have here again an identity, based upon 


4=5 


II (ty — Zips) = vy 


41 


namely 
2s iS 9 4o° mits 2 o5R.8 246°Ro4 
D5, 2n'gh?Re + Pht oh 
3 3 
~ aon ( ats + SBS 4 Sete 4 Fre) 
3 2 S2 2 S2 2 2 2 2 74 
a 20R.2 (? re oh at 4to saat a 2 OT Re a3 512029 
gh h h 
+ 20rF* ( re + io 2 Ste ) + 10rR, ( 2n¢ Rs + = ics + or 


Zeit 24 ZL 


2 
a sree — 10°°R, e + ) — 10rRs (oan Be 


20° 6gRe BECK? ) ste scene 
h gh? h 


5 a +r. 
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The roots of f(x) = 0 are here 


4 8 
1, %— = Vgh?Re + Re & + fee ran E V2gh?Re + § jake 


a ees PRE + +, 


etc. 


f(a) = (#5 — Ayat + Aca? — Agu? + Aur — As) 
x (7° — Bizt + Bor? — Byx? + Buz — B;) = 0, 
where 


A, B, = + 5r Vy, 
se 2 x oes 
A», Be = aa 10yr <a 10R, [ae 107R2(76 -+- to ° 2R:) eo y10R2 Tv a 6 at ) 


2 2 3 ¥2 
As, Be) = ee + 107s ( ot +5 tae ) 


otal 


oR (= Teese i) + 20~Re ( 72h, vee er 


ens 


cone ) 


+ Vy | 1018 + 10R2 ( xg ful 


+ 10yR2 (0° pe era cocnsee oe + r2¢2R, + 


a 30rRs (4 + yd + yah) + 20R. (2s a) |, 


ft 2: Rs ) 
— (S a) 


ANB 10h: (2 = hg ) + 20R2 + 5yrt — 307r°Re 

sa is o on 9 o°62Reg SRC 
*) = tort (ES 

ae ie 


4 2077R-? ( 17262 a 


+ rohg +S 


oe G i 
ee | 


) + aor 


26cR, 
h 


ns 2¢Rs ) 


— 30r°?Re (0 es + 2072 pe fe 


sie 


te Fae SLE it ae ) + yrRs (x9 i 


aS 4077.3 ae ore 
h 


— “ Retgo(’ +o)— + 807R.27r6 + 80ryR2 (og ae 


1 [was (o #22) - 2 Rs (TF + wigh + SE) 


3 
fe ae cf ogh | — 3012y76R, — 30r2yRz (= Teas 3 | 


20R: . Sito? 8cR s8yR.3 
+ 4Ra ( og + rae a) we res | 


(rx +o+ 6) — 307Rehgr(o + 7) 
‘ons 


| 


2R25g 


- ar, (28 


to + 76 + od) 
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2 4 
— 6rRehg(yro + 1) — 12Re? (iy +1) — a 


+ 8dryR2(r + 5) + 8R2(r + 6) + Seyet ee 


+ l6ryR2 ( 2¢R a a more | , 


2 3P.354 
As Bs = 2Ra( git +O 4 =e ) + 10%4R: ( night + = a) 


gh? 


2R 2°R35 40R~ 407°R,76 
ee i )- a i (o.-1-m) 


a 20yRe (x gh? + 
— eee 


3 2 
(o + 8) — BEST (og + ath) 


so ee 


(om + a$g + dgh) — 
_207 lity T 


(o6 + 76 + fog + rth + &) 


(08? + fo’g + brth) + 20Re2g(1 + oy + 7) 


rt cee Gate id ty | 


2h. 2 29 w 
: (1 +22) + 20,8 (ory + ae 


+ 40gyR25(r +0) + Oey (5 + 0) + 80yroRe2g — 107r?Re 
2Rof 


= 10s ries (= 3 


vA 2 
oy ie (1 4 2 4 ) + 207% (og +7 


— 10ry?Re (78 Bap avi ai ‘s ) — 10ryRz (28 


3 
Pet) SERRE 


3 3 & S2 
) — 20mm, (>Re 4 SP ae ogh ) 


ats 


A mg 


a 2R260 


2Raxt ) 


a: i G 


se gh ) an ree £( 


— 307rRg (75 


+ A0ryR:2(r + 6) + 40ry2R2 ( rs? + ah r*) 

8-5 20 485 4 

15 foe (any + EEE 4 PER 2) 
2h4 h gh? 

P43 a ) 


ef Rs 20°g? Re 


+ 10f2 ( mgh? + a + 20yR: (zg eee 


383 3 393 
4 zeke ) _ sony (C0 RA +72! + ante ) 


gh? h gh’ 
te SU iis eg otha ae 1206R.’ 
OE (ot 4 SEO) — ett to oh) 
_ 120yReFar 


; ppter tee ee 
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+ 20y7*R.? o 52g + 2?R-2 - o° £0" +. 22R.? - To ¢ 4 9R,8 « bx f? 
h2 h gh? 


+ 20R2 (6 +o ) + 20yRtgh(o? + m2) + PHELY (ge + 52) 
de Cyt ( aD i =| + 40R2g(r +c) + 80c8R2? ( x9 ue ars ) 


— 10yr°Rs (1 + 2S 4 


+ eee R? 


+75] + 10y7?r?Rerg(1 + o?) 


ee | 
h 


+. 20r2yRs (og +5) - 10rgRs (= — h + 20rR:? 


oP + rht+ot th+ 
~ 10r2R , (A 5g 4 ar ee =) 


+ mahg + 


+ 20ry?R-? (See aati 


on = LE +nr+6+60) 
2R 0? 


ok 207rR.? (1 -+ 1762 + — "= = ae zs ae 30ry Reg ( aa *h ) 


+ 80ry7rék,? : 


Regarding the sufficiency of the derived conditions we first decide whether 
f(x) can be reducible under our conditions obtained so far. As po, ps, ps each 
satisfy an irreducible quintic, Vy an irreducible quadratic, Vy cannot be expressed 
rationally by ps2, ps or ps, and hence no root can be rational, for we may write 


awe k 
wipe + wo, + w “pg in the form = 5 ee e = +a “os If the last expression 
6 


were rational, we must have necessarily that p. is a rational quantity. It follows 
then, that no root is here rationally known and f(z) has no rational linear factor. 
The same theory holds for the sum of any two, three or four roots, as w is rationally 
known and we have here again, that the sum of any two, three, four or five roots 
must be irrational except when it is zero which happens only for 


5 5 
‘oc. aud «> zs. 
1 1 


Looking into the above A; and B;, we see that they contain as only the irrationality 
Vy. This irrationality drops out in A; and B, if 


(1) oa 0, 
in Ag and By if 
(2) r+ o+ino, 


and hence in A; and B; if 
agi yoo) coy — 


r+oé 
ree ort Rye ee Oh eel 


(x + 5)*hfdy | 
g 


(3) = 0. 
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in A, and B, if, in addition to (1) and (2), 


+ =F hyotg + 8g — 25 + B0g(1 + 287)] 
+ 2079 — whgy — chg — 3rhg(1 + yro) 
‘s + oe dye — Zyogt +1 = 26) 
+ CATE 1 — (ao + 08 + 3x8)] 
Finally, assuming the truth of (1) and (2), A; and B; are rationally known, if 
xighty? + Sught + Wrighty — 5™F*| TL a bag? + Qo 
+ dgh(y?o2r?+ 1 + yo? + yx? + 40m) + 2gh(x + @) | 
~ peer E cia + yoxtg + snthy? + ys + ¢ 
(5) son Ss “+4 S20) | 
5 it + 6)*h 


768 | + Sym fg +2 my? + 6 + ys + yPoPCs%y 


+ oroPh + og + Sov(o? + &) + yfagh + sod50 | 


(m + 6)*h? Grr 8) 
g Ce Ri 2 go? 

Hence, to assure the irreducibility of f(z), we must have: Not all of the above 
five equations must be satisfied. 

If this condition is observed in addition to the conditions already found, then 
f(x) is irreducible, its group being therefore transitive, must be imprimitive with 
two as well as five systems of intransitivity, for f(x) contains the five rational 
factors (x — 2;)(x — Xixs), if we adjoin pe, ps or ps to the given rational domain; 
and adjoining Vy then the above functions A;, B; show that f(x) splits up into 
the two rational factors 


Cho yoo) — hey’. 


hry(ey +1) +5 


4=5 4=5 
[I (@— 2.) and I] (@ — zis5). 
‘<1 $1 


It follows then that the Galois group of f(z) = 0 is a subgroup of G24 and it can 
only be Gio under our derived conditions, as o; and o2 are impossible substitutions 
in the group of f(z) = 0. o; changes p2> ~ 0 to ps® = 0 and oe applied to pe 
produces ps® = 0, so that under the conditions derived f(x) = 0 is an irreducible 
Abelian equation. 


Type VIII. If w, 7, 0, 6, , 9, h, y, 7, Re are quantities in our given rationa! 
domain and if Vy, V2Qgh?Re are not in our given domain, and if r, 7, ¢, 6, « are not 
all at the same time zero and if the identity on page 157 exists and if not all five equations 
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on pages 160-161 are satisfied, then f(x) = 0 of page 158 with the roots on page 158 
is an trreducible Abelian equation. 
An example may be furnished by taking r = «=o = 6=0. 
Here our identity reduces to 
oe = 2gh?Ror. 
Assuming then 


we have 


V2 and V2 cannot be in our rational domain, as Vy as well as V2gh2Ro are 
irrational. Further equation (2) on page 160 is not satisfied. 
8971 9075 

24 x a 23 


51755 , _ 65925 , 96475, 433563 
oie we ie ou | 


a4 


f(a) = x2 — 2028 — 60x7 + 6526 + 


oa 


The roots are: 
Sic Sic 4 ERY 219 
Xo, 7 = wiV4 + 2 V2 + Gs ee 
Pe aoa tig ee 
2v2 


etc. 


The given rational domain must contain w. 


B. Il. (3) pp #0 (é = 2,4, 6, 8). 


' There is no irreducible Abelian equation of the proposed type. The proof, 
which is here omitted for brevity, is identical to the proof given under A. II. (8) 
if we replace there 


: P1, P2, Ps, P4, iy 
respectively by 


P6, P8, P2, P4, Pis 


C. CONCLUSION. 


There are eight types of irreducible Abelian equations of the tenth degree. Types I 
to IV are quintics in x. There is no such equation in the natural rational domain 
R(1), for in all types V5 must be a quantity of the given domain. Six types are 
possible, only if w belongs to the rational domain. 
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